The problem of a cylindrical mixture of a nonlinearly elastic solid and an ideal fluid subjected to combined finite axial extension and torsion is considered. In previous work, a 'universal relation' has been presented by assuming a small angle of twist. In this work, the general problem for the finite deformation of the swollen cylinder is discussed in the context of Mixture Theory. ComputationAl results for the variation of the radial and tangential streLeh ratios and the distribution of the fluid in the swollen deformed state are presented. The results demonstl'a~e that the swollen volume of a cylinder reduces wi~h twisting when the axial stretch ratio is held constant. Computational results for the reduction in the swollen volume predict the same qualitative and quantitative trends as observed in experimental results.
1~ Introduction
The combined finite extension and torsion of a cylindrical mixture of a nonlinearly elastic solid and an ideal fluid is considered. In previous work [1] , a 'universal relation' has been presented for the case of small twist. In this work, the general problem for the finite deformation of the cylindrical mixture is formulated in the context of Mixture Theory [2] , [3] in order to account for the interaction between the solid and fluid constituents. Boundary-value problems for solidfluid mixtures of this kind have been studied previously [1] , [4] -- [8] in the context of Mixture Theory. The boundary-value problem presented here-in is intrinsically interesting since it is one of the few problems involving large nonhomogeneous deformations for which experimental results are available. Therefore, this boundary-value problem serves as a test-bed for evaluating the validity and predictive capability of Mixture Theory in modeling the interaction of elastic solids and ideM fluids undergoing large deformations.
The first treatment of the problem of combined finite extension and torsion of a swoUen rubber cylinder appears to be due to Treloar [9] , where the cylinder is assumed to be saturated with the fluid, and the saturated solid41uid mixture is treated as an equivalent homogenized continuum. However, in the approach presented here-in the interaction of the solid and the fluid is treated by considering the heterogeneous mixture within the context of Mixture Theory. This formulation permits the analysis of the individual motion of the solid constituent and the fluid constituent by incorporating the interaction between the two. It may also be pointed out that Treloar's approach of treating the saturated solid-flnid mixture as an equivalent homogenized continuum is restricted to equilibrium problems only. However, the formulation within the context of Mixture Theory would permit the investigation of problems where the state of material elements in the domain could range from being completely dry to fully saturated as in the study of time-dependent diffusion problems, for example.
In the problem considered here-in, both the solid and fluid constituents are at rest. However, the fluid can be nonhomogeneously dispersed throughout the mixture domain, which gives rise to gradients in the fluid density. The physical mechanism for the existence of such gradients is provided by the presence of an interaction body force which each constituent exerts on the other.
A brief review of the notations and basic equations relevant to a mixture of interacting continua is presented in Section 2. The constitutive equations for the mixture of a nonlinearly eastic solid and an ideal fluid are discussed in Section 3. The general problem of combined finite extension and torsion is formulated and discussed within the context of Mixture Theory in Section 4. Computational results for the spatial variation of the radial and tangential stretch ratios and the distribution of the fluid in the swollen deformed state are also presented,
Preliminaries: Notations and Basic Equations
A brief review of the notations and basic equations of Mixture Theory is presented in this section for completeness and continnity. The historical development and a detailed exposition of the theory are succinctly presented in the comprehensive review articles by Atkin and Craine [2] and Bowen [3] .
Let ~ and Qt denote the reference configuration and the configuration of the body at time t, respectively. For a function defined on ~ X R and Dt x It, V and grad are used to represent the partial derivative with respect to 9 and Dr, respectively. Also ~/~t denotes the partial derivative with respect to t. The divergence operator related to grad is denoted by div.
The sohd-fluid aggregate will be considered a mixture with $1 representing the solid and S~ representing the fluid. At any instant of time t, it is assumed that each place in the space is occupied by particles belonging to both $1 and S~. Let X m and X 12~ denote the reference positions of typical particles of $1 and S~. The motion of the solid and the fluid is represented by X (1) -----xl(X (1), t), and
These motions are assumed to be one-to-one, continuous and invertible. The various kinematical quantities associated with the solid $1 and the fluid S~ are:
Dt ' Dt "
rate of deformation tensor: However, the partial stresses a and ~ need not be symmetric.
(iv) Sur]ace Conditions
Let f and q denote the surface traction vectors taken by $1 and S~, respectively, and let n denote the unit outer normal vector at a point on the surface of the mixture domain. Then the partial surface tractions are related to the partial stress tensors by t = aTn, and q ~---r162 (2.14)
The laws of conservation of energy and the entropy production inequality are not explicitly mentioned here for brevity. However, the relevant results are quoted. A complete discussion of these issues is presented in [10] .
Let the Helmholtz free energy per unit mass of $1 and $2 be denoted by A1 and A1, respectively. The Helmholtz free energy per unit mass of the mixture is defined by ~A -----~olA~ + ~2A~. The terms in Eqs. (2.16)--(2.18) which depend on ~ and ~ do not contribute to the equations of motion or the total stress tensor.
(vi) Volume Additivity Assunvption
Attention is restricted to a mixture of incompressible materials. It is assumed that the volume of the mixture at any given time is the sum of the volumes occupied by the solid and fluid constituents at that time. This implies that the motion of the interacting continua is such that it satisfies the following relationship [11] ,
where @~3 is the mass density of the fluid in the reference state;
Constitutive Equations
A mixture of an elastic solid and a fluid is considered. The solid is assumed to be nonhnearly elastic, and the fluid is assumed to be ideal. Thus all the constitutive functions are required to depend on the following variables:
F, VF, @5, grad @2, T, grad T, v (1) and v (2) , where T denotes the common absolute temperature of the solid and the fluid.
A lengthy but standard argument, based on the balance of energy, entropy production inequality, restrictions due to material frame indifference and the assumption that the solid is isotropic in its reference state, leads to the following results [4] .
The constitutive equations are written in terms of the I-Ielmholtz free energy function A per unit mass of the mixture, and the form of this function is given by In Eqs. (3.7)--(3.9), p is a scalar which arises due to the incompressibility constraint. The constitutive parameter ~ accounts for a contribution to the interaction body force due to relative motion between the solid and the fluid. The interaction between the solid and the fluid is evident in these equations, where the partial stress of each constituent is affected by the deformed state of both the constituents. It is also useful to record the representation for the components of the total stress tensor ~A (3.10)
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In the remainder of this paper, only ~, and .~ and b, will be used. Hence, for notational convenience, the superposed bars are dropped.
Combined Extension and Torsion of a Swollen Cylinder
Consider a solid circular cylinder described by a radius R0 and a length L0 in the reference configuration. The co-ordinates of a material particle in the reference configuration will be denoted by cylindrical coordinates (R, O, Z). The cylinder is assumed to be subjected to the following deformation: where (r, 0, z) denote the co-ordinates of the particle at (R, O, Z) in the deformed swollen configuration, 2 and ~b being constants. The above deformation corresponds to a finite elongation (with an associated stretch ratio A) along the z-coordinate direction, followed by a rotation of ~b per unit current length. The Cauchy-Green tensor B which is defined as The balance of mass equation for the solid constituent (2.9) may be expressed in terms of the stretch ratios as @1
1 . It is sufficient to satisfy any two of the three equilibrium equations (4.9) to (4.11). Equations (4.12)--(4.17) are substituted into the equilibrium equations for the solid and the mixture (4.9) and (4.11), respectively, t9 get the following functional forms of the equilibrium equations which are stated in terms of the coordinates in the reference configuration for computational convenience:
and dp ~ol dR ~io + g~ ( Equations (4.20)--(4.22) may be solved for p, ~r and ha once the specific form of the Helmholtz free energy function for the mixture is known, and the appropriate boundary eonditions are specified.
The Helmholtz free energy function per unit mass of the mixture is assumed [12] to be given by The boundary condition given by Eq. (4.24) arises due to the compatibility requirement between the radial and tangential stretch ratios at the axis of the cylinder. The boundary condition on the total traction vector represented by Eq. (4.25) is a consequence of the requirement that the outer surface of the cylinder be traction-free. Since a boundary condition for the partial traction vector is not physically obvious, following the arguments presented in [4] -- [6] it is assumed that the outer surface of the cylinder is in a saturated state 1. This assumption results in the boundary condition represented by The numerical value of the universal gas constant _~ is given by 8.317 X 10 v dyne-era/mole --~ and the absolute temperature T was assumed to be 303.16 ~ The computational results are presented in Figs. 1--6 for a value of the axial stretch ratio ). = 1.938 which was maintained in the experimental work presented in [13] . Figure 1 shows the variation of the radial and circumferential stretch ratios for two different values of the angle of twist ~b. For the case of no twist (~b = 0) the cylinder is homogeneously swollen whereby the radial and tangential stretch ratios are equal and constant throughout the domain. However, when the swollen cylinder undergoes finite torsion (~b = 1.0) significant gradients in the stretch ratios are evident. Furthermore, even in the case of finite torsion, the deformation in the axial domain is relatively homogeneous, and the gradients in the stretch ratios increase with the radial co-ordinate. Figure 2 shows the variation of the radial stress for two different values of the angle of twist. It is seen from Fig. 2 that the non-dimensional radial stress is compressive and approaches zero at R = R0 due to the boundary condition (4.26) which requires the outer surface of the deformed cyhnder to be traction-free. The corresponding variation of the non-dimensional circumferential stress is shown in Fig. 3 . The non-dimensional radial and circumferential stresses in Figs ratio of the change in the volume AV = (VVo) to the saturated swollen untwisted volume V0 is compared with experimental results [13] in Fig. 6 . The computational results based on mixture theory predict the same qualitative and quantitative trends as observed in experimental results, thereby illustrating the value of employing mixture theory in modeling the interaction of elastic solids and ideal fluids undergoing large deformations.
